We show that the Wess-Zumino-Novikov-Witten (WZW) model on the Heisenberg Lie group H 4 has Jacobi-Lie symmetry with four dual Lie groups. We construct Jacobi-Lie T-dual sigma models with one of their Jacobi-Lie bialgebra and show that the original model is equivalent to the H 4 WZW model. The conformality of the dual sigma model up to one-loop order is also investigated.
Introduction
Target space duality, as a theory, connects different backgrounds in string theory, which makes it an important duality. In T-duality, string backgrounds and their dual fields can be considered as different descriptions of the same physical phenomenon. This duality, at the level of the two-dimensional nonlinear sigma models, was started by background fields with abelian and non-abelian isometries (see for a review [1, 2] ). For abelian case, the dual model can be obtained from the original sigma model and T-duality preserve the symmetries of the original model. But, in non-abelian isometries, this preservation is not possible and target space duality is not reversible [3] . A major step to find T-dual sigma models was made by Klimčik andŠevera [4] . They found duality transformations connecting two non-linear sigma models based on Poisson-Lie groups [5] and called it Poisson-Lie T-duality. This T-duality is based on the interchange between the equations of motion of the original (dual) model and the Bianchi identities of the dual (original) one. In other words, Poisson-Lie T-duality connects two non-linear sigma models when the two corresponding Lie algebras form a Lie bialgebra [5] . But we know that, the Poisson manifolds are a special class of Jacobi manifolds [6] . In fact, we have the very interesting example of Jacobi manifolds such as contact and locally conformal manifolds, which are not Poisson. Therefore, there might be T-dual sigma models where Poisson-Lie T-duality cannot find their corresponding duality transformations. In previous work, we formulated T-duality on Jacobi manifolds and also constructed Jacobi-Lie T-dual sigma models on Lie groups [7] . On the other hand, we know that the WZW models [8] play an important role in CFT, since all known conformal field theories can be obtained by decomposition of their Hilbert space. In addition, models where the full symmetry of their action is realized in terms of current algebras are the WZW models with group G. But, more attention is given to the construction of WZW models based on non-semisimple groups [9] - [11] . These models describe string backgrounds with a target space metric having a covariantly constant null Killing vector [12] . According to [9] , we need a non-degenerate invariant bilinear form on the algebra g (related to group G) which allows constructing a WZW model on non-semi-simple groups. An important four-dimensional Lie group, which benefits from this quadratic form, is the Heisenberg Lie group H 4 . The WZW model on Heisenberg Lie group, for the first time, was introduced by Kehagias and Meessen [13] . Analysis of Poisson-Lie symmetry, conformality and D-branes on this model in a different background has been given in [14] . In this note, we investigate the Jacobi-Lie T-duality for the WZW model based on the Heisenberg Lie group H 4 . We show that H 4 WZW model has the Jacobi-Lie symmetry with four dual Lie groups, where Lie group A 2 ⊕ 2A 1 (found by Poisson-Lie symmetry [14] ) is one of them. This paper is organized as follows: In section 2, for explanation of the notations and self-containing of the paper, we review some aspects of the Jacobi-Lie symmetry on group manifolds [7] . In section 3, we obtain the WZW model on the Heisenberg Lie group H 4 similar to Ref. [14] . Then, we apply Jacobi-Lie symmetry condition on this action and show that H 4 WZW model has this symmetry with four dual Lie groups, where obtained dual Lie group A 2 ⊕ 2A 1 [14] is one of them. In section 4, we first briefly review the construction of Jacobi-Lie T-dual sigma models on Lie groups. Then, due to the fact that the classical r-matrices on original and dual groups must be existent in our formalism, we construct Jacobi-Lie T-dual sigma models only on Jacobi-Lie bialgebra ((h 4 , φ 0 ), (A −1,1 4,5 .i, X 0 )) and we have shown that the original sigma model is equivalent to the H 4 WZW model. Analysis of conformal invariance for Jacobi-Lie T-dual sigma models is given in section 5. In this section, we first write sigma model action with dilaton field Φ in the presence of σ-function. Then, we give the one-loop β-function equations for this model. In this way, we have shown the conformal invariance of the dual sigma model for a pair ((h 4 , φ 0 ), (A −1,1 4,5 .i, X 0 )) and we have obtained the general form of the dilaton fields. Some discussions and concluding remarks are given at the end.
Review of the Jacobi-Lie symmetry
In order to introduce notational conventions, let us start this section with a short review of the Jacobi-Lie symmetry [7] . Consider a non-linear sigma model on a manifold M with metric g µν and antisymmetric tensor field b µν in the presence of a C ∞ -function σ as follows
1) where ∂ ± are the derivatives with respect to standard light-cone variables ξ ± on the worldsheet Σ and x µ (µ = 1, .., dimM ) are coordinates on M . Suppose that Lie group G (with Lie algebra g 1 ) acts freely on M from the right by the left-invariant vector fields v i µ . Then, the Hodge star of Noether's current one-forms corresponding to this action has the following form [7] 
Now, if the 1-forms ⋆J i on the extremal surface x µ (ξ + , ξ − ) are not closed and they satisfy the following generalized Maurer-Cartan equation [7] d
and using the equations of motion related to (2.1), the Jacobi-Lie symmetry condition on the background matrix E µν = g µν + b µν can be formulated as [7] (
wheref jk i are structure constants of the dual Lie algebrag and α i are coefficients of X 0 = dσ ∈ g (σ is a function on the dual manifoldM ). In this relation, φ 0 = dσ ∈ Ω 1 (M ) is a 1-cocycle on g with values ing 2 and φ 0 -Lie derivative has the following definition [15] (
The Jacobi-Lie symmetry (2.4) is a generalization of the Poisson-Lie symmetry (with σ = 0 and α i = 0) [4] . The integrability condition for Jacobi-Lie symmetry (2.4), using 1-cocycle condition for φ 0 , i.e., 6) gives compatibility between structure constants of Lie algebras g andg and also coefficient constants α i and β j as follows
The relation (2.7) is the first condition of the Jacobi-Lie bialgebra ((g, φ 0 ), (g, X 0 )) [16] .
In the same way, one can consider the following action for the dual model with the background matrix E µν =g µν +b µν andσ-function on target spaceM
1 with bases {Xi} and structure constants fij k 2 φ0 = βiX i where βi ≡ vi λ ∂ λ σ and {X i } are the basis ofg [7] and with regard to the following generalized Maurer-Cartan equation
for the Neother's currentsJ i (related to the free action of Lie groupG on manifoldM ); we have the Jacobi-Lie symmetry for the dual model (2.8) as
In the same way, the integrability condition for (2.10) is equivalent to the following relations [7] α kf mn
The relations (2.11) and (2.12) set the 1-cocycle condition on X 0 and the first condition of the JacobiLie bialgebra ((g, X 0 ), (g, φ 0 )), respectively [16] . The subtraction of the relation (2.7) and (2.12), gives the symmetrizing condition of the Jacobi-Lie bialgebras with respect to pairs (g, φ 0 ) and (g, X 0 ), i.e.,
Now, if 1-cocycles X 0 and φ 0 are satisfied in the following condition
we obtain the last condition of Jacobi-Lie bialgebras ((g, φ 0 )(g, X 0 )) and ((g, X 0 ), (g, φ 0 )) [16, 17] . Therefore, if Lie algebras g andg and 1-cocycles X 0 and φ 0 are satisfied in relations (2.6),(2.7),(2.11),(2.13) and (2.14), we have Jacobi-Lie bialgebra ((g, φ 0 ), (g, X 0 )) [16] . Consequently, the invariance of sigma models S andS on manifolds M andM , under the free action of G on M andG onM , respectively, is equivalent to the Jacobi-Lie bialgebra structure [7] .
3 Jacobi-Lie symmetry in the WZW model on the Heisenberg Lie group H 4
Writing the WZW action corresponding to non-semi-simple groups is not straightforward, since their Killing metric Ω ij = f ik l f jl k is degenerate [9] - [12] . Nappi and Witten in [9] resolve this problem by considering another symmetric non-degenerate ad-invariant bilinear form Ω ij =< X i , X j > in the following relation
for a Lie algebra with generators X i and structure constants [X i , X j ] = f ij k X k . The WZW action on Lie group G by this quadratic form is written as [9] 
where Σ is two-dimensional worldsheet and B a three-dimensional manifold with boundary ∂B = Σ. In this action, L i α 's are components of left-invariant 1-forms defined via g −1 ∂ α g = L i α X i which g is a map of Σ to G. The aim of this paper, is analyzing the WZW model on the Heisenberg Lie group that have Jacobi-Lie symmetry. Before constructing the model, we need the structure constants of Lie algebra h 4 of the Lie group H 4 . The oscillator Lie algebra h 4 consists of four generators {a, a † , N = aa † , M } with the following commutation relations
As mentioned, to construct a WZW model on a non-semi-simple Lie group G, we need ad-invariant symmetric bilinear form Ω ij . One can obtain this quadratic form by the following matrix form using the relation (3.1)
where (X i ) j k = −f ij k is the adjoint representation of Lie algebra g. Solving Eq.(3.4), one can obtain non-degenerate form Ω ij , as follows [14] ,
To write the explicit form of the action (3.2), we need the parametrization of the Lie group H 4 . There exists various parameterizations for Lie group H 4 (for example [13, 14, 18] ). The convenient parametrization for this paper is the same as Ref. [14] with coordinates x µ = {x, y, u, v} as
where we have used the new generators
Using (3.5) (with κ ′ = 0) and (3.7), the integrate terms in (3.2) are obtained as follows
Therefore, the WZW action on the Lie group H 4 (by choosing ε +− = −ε −+ = 1) is written as
The above action on Lie group H 4 , for the first time, was constructed in [14] . In that work, it was shown that (3.9) has the Poisson-Lie symmetry only when the dual Lie group is A 2 ⊕ 2A 1 . As follows, we will consider the Jacobi-Lie symmetry on H 4 WZW model and show that dual Lie group A 2 ⊕ 2A 1 is one of the found dual Lie groups by Jacobi-Lie symmetry. By identifying the action (3.9) with the sigma model action (2.1), we can read off the background 3 t stands for transpose matrix as
(3.10)
In order to investigate the Jacobi-Lie symmetry in WZW model (3.9), we need the left-invariant vector fields on Lie group H 4 . Substituting relation (3.7) into equation
Now, we calculate φ 0 -Lie derivative of relation (3.10) with respect to (3.11) and then we put these results into (2.4). Then, by substituting obtained α,β andf in equations (2.11)-(2.13) and (2.14), the non-zero commutation relations of the dual pair to the Heisenberg Lie algebra h 4 and 1-cocycles X 0 and φ 0 are found to be
As expected, the first class of the Jacobi-Lie bialgebras on h 4 is the Lie bialgebra (h 4 , A 2 ⊕ 2A 1 ) 4 with α i = β i = 0. This dual pair, for the first time, was obtained in [14] from the Poisson-Lie symmetry on H 4 WZW. Hence, we denote that the Poisson-Lie symmetry can be obtained from the Jacobi-Lie symmetry when X 0 = φ 0 = 0 (or σ =σ = 0). Furthermore, from the Jacobi-Lie symmetry of WZW model on the Heisenberg Lie group H 4 , one can obtain three dual Lie algebras (V ⊕ ℜ.i), (A a,a 4,5 .i) and (A a,1 4,5 .i) with X 0 = 0. In the next section, we will try to construct the Jacobi-Lie T-dual sigma models which are associated with these Jacobi-Lie bialgebras.
Jacobi-Lie T-dual sigma models on the Heisenberg Lie group H and its duals
In the previous work [7] , we introduced the formalism of the Jacobi-Lie T-dual sigma models with Lie group as a target space. As mentioned in [7] , according to the duality between g andg
and the commutation relations between {X i } and {X j } as
the Jacobi-Lie T-dual sigma models S andS related to the 2n-dimensional vector space D = g ⊕g (n = dimg = dimg), have the following definitions
3)
where background matrices E n+ (g) andẼ n+ (g) are defined by [7] 
such that a(g) andã(g) are given as follows
and bi-vector fields Λ(g) andΛ(g) on the Lie groups G andG have the following forms
where r andr are classical r-matrices on Jacobi-Lie bialgebras ((g, φ 0 ), (g, X 0 )) and ((g, X 0 ), (g, φ 0 )) [20] . Furthermore, E + (e) andẼ + (ẽ) are constant matrices at the unit element of G andG, respectively, and are related to each other, as
which is obtained considering non-degeneracy of the maps E(g) : g →g andẼ(g) :g → g.
According to (4.8) and (4.9), the classical r andr-matrices on Jacobi-Lie bialgebras are the essential tools in our method to construct Jacobi-Lie T-dual sigma models. This restriction comes from the absence of ad-invariance on the inner product (4.1) in Jacobi-Lie bialgebras. According to our finding in the previous section about Jacobi-Lie bialgebras for 1−a X 4 )) with a = −1 are bi-r-matrix 5 and these Jacobi-Lie bialgebras (for a = −1) are equivalent [16] . In this way, we will construct the JacobiLie T-dual sigma models which are associated with the Jacobi-Lie bialgebras ((h 4 , 0), (A
We will show that the original sigma model on this Jacobi-Lie bialgebra is equivalent to H 4 WZW model.
Jacobi-Lie T-dual sigma models on the Jacobi-Lie bialgebra
Consider Lie algebra g = h 4 defined by commutation relations
5 Coboundary Jacobi-Lie bialgebras with classical r andr matrices.
and its dualg = A −1,1 4,5 .i which is generated by relation (3.15) (with a = −1), in the presence of 1-cocycles X 0 = 1 2 X 4 and φ 0 = 0 (β 1 = β 2 = β 3 = β 4 = 0 and α 1 = α 2 = α 3 = 0, α 4 = 1 2 ) and functions σ = 0 andσ =ṽ 2 . Using (4.2), we have the following non-zero commutation relations on vector space D = g ⊕g with eight generators {X 1 , .., X 4 ,X 1 , .., Also, by using the same parametrization (3.6) in (4.7), we find that 17) such that by rescaling κ = 2π K in (3.9), the above action will be equivalent to H 4 WZW model. Comparing the above action with the sigma model action of the form (2.1), one can read off the symmetric metric g µν and antisymmetric tensor field b µν , as follows
(4.18)
The dual model
To construct the dual sigma model, we parametrize the corresponding Lie group A −1,1 4,5 .i with coordinates {x,ỹ,ũ,ṽ} in the same parametrization (3.6), as
Then, fromL ± = (g −1 ∂ ±g ) iX i one can obtain the components of left invariant one-formsL ±i 's as follows
Moreover, by a direct application of formula (4.7), the matrixã(g) is obtained as
Then, from (4.21) and the followingr-matrix 22) and usingσ =ṽ 2 ; one can obtainΛ(g) in (4.9) as follows
Finally, by substituting (4.21) and (4.23) in (4.6) and consideringẼ + (ẽ) = (E + (e)) −1 , the dual sigma model action (4.4) takes the following form
By identifying the above action with the dual sigma model of the form (2.8) withσ =ṽ 2 , symmetric and antisymmetric backgroundsg µν andb µν are obtained to be of the form . Therefore, the complicated action (4.24) by the Jacobi-Lie T-duality can be transformed to very simpler action (4.17) and vice versa.
5 Conformal invariance of the Jacobi-Lie T-dual sigma models up to the one-loop
β-functions
The string theory as a conformal invariant two-dimensional sigma model should have conditions on its background matrix. These conformal invariance conditions of a two-dimensional sigma model are nothing but the vanishing of β-functions, which can be interpreted as equations of motions of the string effective action [21] . The β-function equations for the following non-linear sigma model on the target manifold M with symmetric background G µν , antisymmetric tensor field B µν and dilaton field Φ, as
in the lowest order (one-loop and α ′ -correction) are given by [21] 
where R µν and R are the Ricci tensor and Ricci scalar of the metric G µν , respectively. In addition, H µνλ is the torsion of the antisymmetric field B µν with the following relation
3) so that, (H 2 ) µν = H µλρ H λρ ν and H 2 = H µνλ H µνλ . Indeed, the above β-functions are the equations of motion for the following effective string action on m-dimensional (m = dimM ) target manifold
where G = det G µν [22] . For Jacobi-Lie T-dual sigma models, the action (5.1) with zero dilaton field (Φ) should be converted to two-dimensional sigma model (2.1). For this reason, we must consider the following sigma model (and its dual) for Jacobi-Lie T-dual case
Comparing (5.1) and (5.5), we should insert
in β-function equations (5.2) for considering conformal invariance in Jacobi-Lie T-dual sigma models. Now, we will try to examine the conformal invariance of the Jacobi-Lie T-dual sigma models (4.17) and (4.24) up to one-loop order. We know that the original model (4.17) as a WZW model is a conformal sigma model. For this model, we obtain Ricci scalar R equal to zero and non-constant dilation field as
where C and D are arbitrary constants. These results were expected, because of the original model as a WZW model is conformal invariance. Now, we will prove the conformal invariance of the dual model (4.24). For this model, we haveσ =ṽ 2 and . We obtain that the only non-zero components for the dual model as (1 − 2e 9) such that for this model we have the zero scalar curvatureR = 0 (i.e. the dual target space is also flat). By consideringHỹũṽ from (5.9), we can find that (H) 2 = 0 and the only non-zero component whereC andD are arbitrary constants. Note that the singular point in the action (4.24) (by vanishing of the Ricci scalarR,R µνR µν and Kretschman scalarR µνργR µνργ ) is not an essential point and it can be removed by a coordinate transformation.
Discussion and Conclusion
We showed that the WZW model on the Heisenberg Lie group H 4 has the Jacobi-Lie symmetry with four dual Lie groups where dual Lie group A 2 ⊕ 2A 1 (found by Poisson-Lie symmetry) is one of them. Then, we constructed Jacobi-Lie T-dual sigma models on Jacobi-Lie bialgebra ((h 4 , 0), (A −1,1 4,5 .i, 1 2 X 4 )) with functions σ = 0 andσ =ṽ 2 , and showed that the original sigma model is equivalent to the H 4 WZW model. Also, we studied the conformality of the dual model related to ((h 4 , 0) , (A −1,1 4,5 .i, 1 2 X 4 )) at the one-loop order and found its dilaton fields.
